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Electric Field effects on quantum correlations in semiconductor quantum dots
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We study the effect of external electric bias on the quantum correlations in the array of optically
excited coupled semiconductor quantum dots. The correlations are characterized by the quantum
discord and concurrence and are observed using excitonic qubits. We employ the lower bound
of concurrence for thermal density matrix at different temperatures. The effect of the Fo¨rster
interaction on correlations will be studied. Our theoretical model detects nonvanishing quantum
discord when the electric field is on while concurrence dies ,ensuring the existence of nonclassical
correlations as measured by the quantum discord.
PACS numbers: 78.67.-n, 78.67.Hc, 03.67.-a, 03.67.Mn
1 Introduction
In the recent years, the meaning of quantum discords
has been attracted a lot of interest because it indicates
that entangled states are not the only kind of quan-
tum states exhibiting nonclassical features[1–6]. Quan-
tum discord is a measure of the discrepancy between
two natural yet different quantum analogs of the classi-
cal mutual information . Quantum discord captures the
fundamental feature of the quantumness of nonclassical
correlations, which is much like quantum entanglement,
but it is beyond quantum entanglement because quan-
tum discord is even present in separable quantum states.
Quantum discords have strong potentials in studying dy-
namical processes[7–10], some quantum information pro-
cesses such as the broadcasting of quantum states[11, 12]
quantum state merging [13, 14], quantum entanglement
distillation[15, 16] , entanglement of formation [17].
Besides, there has been considerable interest in the quan-
tum information properties of solid state environment
particularly, semiconductor quantum dots (QDs) due to
their well defined controllable atom-like and molecule-like
properties[18–20]. To study the electro-optical properties
of QDs (specially coupled ones), one of the most inter-
esting parameter is the exciton-exciton interaction. This
kind of interaction in first neighbors dots will allow to
implement a scheme for quantum information processing
on QDs [21]. It was shown that the biexcitonic shift due
to the dipolar interaction allows for subpicosecond quan-
tum gate operations[22]. It was proven that the optically
driven QDs, that are carrying excitons are good candi-
dates for implementation of quantum gates and quantum
computation[23–25].
In order to study the amount of concurrence and dis-
cord in the array of excitons inside QDs, we employ the
lower bound of concurrence for thermal density matrix of
identical and equidistant coupled QDs at different bath
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temperatures. Furthermore, By the means of electric
field, the manipulation of entanglement and discord will
be discussed. We show that, quantum correlations may
be enhanced upon increasing the temperature and de-
creased with incresing the electric field across the system.
Our theoretical model detects nonvanishing quantum dis-
cord, ensuring the existence of nonclassical correlations
as measured by the quantum discord
I. 2 THEORY: QUANTUM DOT MODEL AND
HAMILTONIAN
The model sample to study the quantum correlation
properties of optically driven QDs is a series of InAs
coupled QDs with small equal spacing between them
along the axis. This model can be realized experi-
mentally(see for example reference[26]). In this model,
Fo¨rster mechanism[27] is a valid model to explain the
energy transfer between QDs through dipolar interaction
between the excitons. Here, the qubits are the excitonic
electric dipole moments located in each QD which can
only orient along (|0〉) or against (|1〉) the external elec-
tric fields. For such a system, tuning and controlling the
quantum correlation between the dipoles is of great im-
portance. The governing Hamiltonian of dipoles in the
presence of external electric field simply reads:
H = ~
n∑
i=1
ωi[S
i
z +
1
2
] +
+~
n∑
i=1
ΩiSˆzi + ~
n∑
i=1
Jz[S
i
+][S
j
−] +
1
2
n∑
i,j=1
λ[Si+S
j
− + S
j
−S
i
+], (1)
Where Si+=(|0〉〈1〉),Si−=(|1〉〈0〉), and Siz= 12 (|0〉〈0〉 −|1〉〈1〉). ωi presents the frequency of the excitons in QDs,
Ωi is the frequency related to dipole moment(exciton)
2that is a function of dipole moment and the external elec-
tric field (E) at ith QD:
~Ωi = |~d. ~E|, (2)
Where ~d is the electric dipole moment carried by the
exciton that is assumed to be same for each QD. λ
presents the Fo¨rster interaction which transfers an exci-
ton from one QD to other ones. Jz presents the exciton-
exciton dipolar interaction energy, reads:
~Jz =
~d2(1− 3 cos2 θ)
~r3ij
, (3)
where rij is the distance between dipoles i and j that
is assumed along the z axis.
For a qualitative discussion on quantum correlations
we assume that the dipole carried by exciton is the
one order of magnitude in debyes, a typical experimen-
tal electric field 106 V/m, so the dipolar interaction
parameter(~Jz) will be of the order of meV . Fo¨rster
interaction energy(~λ) and ~Ω are assumed to be in the
order of meV . This values are consistent with experi-
mental observations and calculations[28].
A. 2.1 Lower bound concurrence
Since entanglement is conceived as a resource to per-
form various tasks of quantum information processing
[29–32], knowledge about the amount of entanglement in
a quantum state is so important. Indeed, awareness from
the value of entanglement, means knowing how well a cer-
tain task can be accomplished. The quantification prob-
lem of entanglement only for bipartite systems in pure
states [33] and two-qubit system in mixed state [34] is es-
sentially solved. In multi-partite systems, even the pure
state case, this problem is not exactly solved and just
lower bounds for the entanglement have been proposed
[35–38]. Here, in order to determination the exact min-
imum of entanglement between three dipoles(excitons),
we use the lower bound of concurrence for three-qubit
state which is recently suggested by Li et al. [39]
τ3(ρ) =
1√
3
(
6∑
j=1
(C
12|3
j )
2 + (C
13|2
j )
2 + (C
23|1
j )
2)
1
2 , (4)
where C
12|3
j is terms of the bipartite concurrences for
qubits 12 and 3 which is given by
C
12|3
j = max{0, λ12|3j (1)− λ12|3j (2)− λ12|3j (3)− λ12|3j }.(5)
In this notation, λ
12|3
j (κ), (κ = 1..4), are the square
nonzero roots, in decreasing order, of the non-Hermitian
matrix ρρ˜
12|3
j . The matrix ρ˜
12|3
j are obtained from ro-
tated the complex conjugate of density operator, ρ∗, by
the operator S
12|3
j as ρ˜
12|3
j = S
12|3
j ρ
∗ S
12|3
j . The rotation
operators S
12|3
j are given by tensor product of the six
generators of the group SO(4), (L12j ), and the single gen-
erator of the group SO(2), (L30) that is S
12|3
j = L
12
j ⊗L30.
Since the matrix S
12|3
j has four rows and columns which
are identically zero, so the rank of non-Hermitian ma-
trix ρρ˜
12|3
j can not be larger than 4, i.e., λ
12|3
j (κ) = 0 for
κ ≥ 5. The bipartite concurrences C13|2 and C23|1 are
defined in a similar way to C12|3.
In order to calculate thermal entanglement, we need
the temperature dependent density matrix and the den-
sity matrix for a system in equilibrium at a temperature
T reads: ρ = exp(−βHˆ/Z) with β = 1/KT and Z is
partition function, Z = Tr(exp(−βHˆ)). In this case, the
partition function is
Z(T ) =
∑
i=1
gie
−βλi , (6)
where λi is the ith eigenvalue and gi is the degeneracy.
and the corresponding density matrix can be written
ρ(T ) =
1
Z
N∑
i
e−βλi |Φi〉〈Φi|, (7)
here |Φi〉 is the ith eigenfunction. The density matrix
for our considered system has the form as:
ρ(T ) =


ρ11 0 0 0 0 0 0 0
0 ρ22 ρ23 0 ρ23 0 0 0
0 ρ23 ρ22 0 ρ23 0 0 0
0 0 0 ρ44 0 ρ46 ρ46 0
0 ρ23 ρ23 0 ρ22 0 0 0
0 0 0 ρ46 0 ρ44 ρ46 0
0 0 0 ρ46 0 ρ46 ρ44 0
0 0 0 0 0 0 0 ρ88


, (8)
with
ρ11 =
eβλ
1 + eβ(2d+Fz+w)
× [eβ(2d+2Fz+w) + eβλ − eβ(2d+Fz+w+λ)
+eβ(4d+2Fz+2w+λ) + 2eβ(2d+2Fz+w+
3
2
λ)]−1,
ρ22 =
1
3
(1 + 2e
3
2
βλ)
× [(1 + eβ(2d+Fz+w))(1 + 2e 32βλ)
+eβ(λ−2d−2Fz−w) + eβ(4d+Fz+2w+λ)]−1,
ρ23 =
eβ(2d+2Fz+w)(1 − e 32βλ)
3(1 + eβ(2d+Fz+w))
× [eβ(2d+2Fz+w) + eβλ − eβ(2d+Fz+w+λ)
3+eβ(4d+2Fz+2w+λ) + 2eβ(2d+2Fz+w+
3
2
λ)]−1,
ρ44 =
1
3
(1 + 2e
3
2
βλ)
× [(1 + e−β(2d+Fz+w))(1 + 2e 32βλ)
+eβ(λ−4d−3Fz−2w) + eβ(2d+w+λ)]−1,
ρ46 =
eβ(4d+3Fz+2w)(1− e 32βλ)
3(1 + eβ(2d+Fz+w))
× [eβ(2d+2Fz+w) + eβλ − eβ(2d+Fz+w+λ)
+eβ(4d+2Fz+2w+λ) + 2eβ(2d+2Fz+w+
3
2
λ)]−1,
ρ88 = e
3βd
× [e3βd + e−3β(d+Fz+w) + 2eβ(d−w+12λ)
+eβ(d−w−λ) + e−β(d+Fz+2w+λ)
+2e−β(d+Fz+2w+
1
2
λ)]−1. (9)
Since the explicit expressions of solutions of Eq. (7)
are very complicated, here we skip the details and give
our results in terms of figures. The discussion of results
will be postponed to the next section.
B. 2.2 Quantum discord
For a bipartite system AB quantum discord is defined
by the discrepancy between quantum versions of two clas-
sically equivalent expressions for mutual informationis
[40]
D(ρAB) = I(ρAB)− C(ρAB), (10)
where I(ρAB) = S(ρA) + S(ρB) − S(ρAB) and the
classical correlation is the maximum information about
one subsystem ρA or ρB which depends on the type of
measurement performed on the other subsystem such
as C(ρAB) = max[S(ρA) − S(ρAB|{Πk})] with S(ρ) =
−Tr[ρ log2 ρ] as the von-Neumann entropy. Notice that
the maximum is taken over the set of projective measure-
ments {Πk} [41].
By definition the conditional density operator ρABk =
1
pk
{(IA ⊗ ΠBk )ρAB(IA ⊗ ΠBk )} with pk = Tr[(IA ⊗
ΠBk )ρ
AB ] as the probability of obtaining the outcome
k, we can define the conditional entropy of A as
S(ρAB|{Πk}) =
∑
k pkS(ρ
A
k ) with ρ
A
k = TrB[ρ
AB
k ] and
S(ρAk ) = S(ρ
AB
k ). It has been shown that D(ρ
AB) ≥ 0
with the equal sign only for classical correlation [42].
Very recently, Rulli et al. [43] have proposed a global
measure of quantum discord based on a systematic ex-
tension of the bipartite quantum discord. Global quan-
tum discord (GQD) which satisfy the basic require-
ments of a correlation function, for an arbitrary multi-
partite state ρA1...AN under a set of local measurement
{ΠA1j ⊗ ...⊗ΠANj } is defined as
D(ρA1...AN ) = min
{Πk}
[S(ρA1...AN‖Φ(ρA1...AN ))
−
N∑
j=1
S(ρAj‖Φj(ρAj ))]. (11)
Where Φj(ρ
Aj ) =
∑
iΠ
Aj
i ρ
AjΠ
Aj
i and Φ(ρ
A1...AN ) =∑
k Πkρ
A1...ANΠk with Πk = Π
A1
j1
⊗ ...⊗ΠANjN and k de-
noting the index string (j1...jN ). We could eliminate
dependence on measurement by minimization the set of
projectors {ΠA1j1 , ...,ΠANjN }.
By a set of von-Neumann measurements as
Π
Aj
1 =
(
cos2(
θj
2 ) e
iϕj cos(
θj
2 ) sin(
θj
2 )
e−iϕj cos(
θj
2 ) sin(
θj
2 ) sin
2(
θj
2 )
)
,
Π
Aj
2 =
(
sin2(
θj
2 ) −e−iϕj cos(
θj
2 ) sin(
θj
2 )
−eiϕj cos( θj2 ) sin(
θj
2 ) cos
2(
θj
2 )
)
,
with θj ∈ [0, π) and ϕj ∈ [0, 2π) for j = 1, 2, 3, the
equation 10 reduces to
D(ρ(T )) = min
{θj ,ϕj}
[S(ρ(T )‖Φ(ρ(T )))
−
3∑
j=1
S(ρAj‖Φj(ρAj ))]. (12)
By tracing out two qubits, the one qubit density ma-
trices representing the individual subsystems are
ρAj=1,2,3 =
(
ρ11 + 2ρ22 + ρ44 0
0 ρ22 + 2ρ44 + ρ88
)
.
To find the measurement bases that minimize quan-
tum discord, after some algebraic calculation we have
perceived that by adopting local measurements in the σz
eigen basis for each particle, the value of quantum dis-
cord will be minimized. It leads to S(ρAj‖Φj(ρAj )) = 0
and
S(Φ(ρ(T ))) = −{ρ11 log2(ρ11) + ρ88 log2(ρ88)
+ 3ρ22 log2(ρ22) + 3ρ44 log2(ρ44)}. (13)
The Entropy S(ρ((T ))) can be obtained as
S(ρ(T )) = −{ρ11 log2(ρ11) + ρ88 log2(ρ88)
+ 2(ρ22 − ρ23) log2(ρ22 − ρ23)
+ (ρ22 + 2ρ23) log2(ρ22 + 2ρ23)
+ 2(ρ44 − ρ46) log2(ρ44 − ρ46)
+ (ρ44 + 2ρ46) log2(ρ44 + 2ρ46)}. (14)
4In this case, the time evolution of quantum discord is
explicitly obtained as
D(ρ(T )) = −3ρ22 log2(ρ22)− 3ρ44 log2(ρ44)
+ 2(ρ22 − ρ23) log2(ρ22 − ρ23)
+ (ρ22 + 2ρ23) log2(ρ22 + 2ρ23)
+ 2(ρ44 − ρ46) log2(ρ44 − ρ46)
+ (ρ44 + 2ρ46) log2(ρ44 + 2ρ46)}. (15)
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FIG. 1: (Color online) Discord(top panel) and concur-
rence(bottom panel) measures versus temperature for differ-
ent values of Fo¨rster interaction. Electric filed is zero.
II. 3 RESULTS AND DISCUSSION
In what follows, we theoretically test for the existence
of quantum discord in aforementioned system contain-
ing excitonic qbits and that how it behaves with external
electric field. From figures 1, comparing the concurrence
and the discord measures at different temperatures shows
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FIG. 2: (Color online) Discord(top panel) and concur-
rence(bottom panel) measures versus temperature for differ-
ent values of Fo¨rster interaction. The amount of applied Elec-
tric filed is about 20× 106 V/m.
that, quantum discord survives at relatively high tem-
peratures where concurrence is zero, also figures depict
at very low temperatures both measures yield the same
result. At higher temperatures, concurrence suddenly di-
minishes while quantum discord is still finite, slowly de-
creasing to zero. This is in accord with the fact that dis-
cord quantifies nonclassical correlations beyond entangle-
ment. Generally, both quantum correlations decay with
temperature due to thermal relaxation effects. Figures
demonstrate that when electrical bias is off the quan-
tum correlations increase monotonically with increasing
Fo¨rster interaction. This can be explained in terms of the
increasing excitonic interaction that leads to increase the
correlations. At Fo¨rster interactions higher than about
10meV and at temperatures smaller than 20K, concur-
rence is slightly larger than discord. In contrast, at lower
Fo¨rster interactions the opposite trend is observed and
5discord overcomes the concurrence almost for all temper-
atures that is because of as mentioned fact that discord
indicates nonclassical correlations beyond entanglement
even when λ is low. From figures it is clear that at lower
λ, Temperature helps to make the correlations so that for
very low temperatures, till about 20K(for discord) and
10K(for concurrence), discord and concurrence increase
with increasing temperature due to the thermal entan-
glement effects[44].
Figures 2 displays discord and correlation measures when
~Ω is assumed to be 2.5 meV that corresponds to the
electric field(E) of about 20× 106 V/m( this small value
for electric field can be realized by experiments very eas-
ily). It is clear that discord and concurrence are smaller
than that of observed in figure1. This indicates that
turning electric field on, decreases the correlations. It
is because electric field makes all the dipoles align in the
same direction that results in increasing dipolar repul-
sive interaction that immediately leads to the reduction
of coulomb induced correlations[45]. For all the values
of λ the discord is survived with increasing E while the
concurrence dies for smaller λ. Our results shows that in-
creasing the electric field overcomes the effect of Fo¨rster
interaction and removes the concurrence for all values
of λ, however, nonzero discord can still be observed for
higher values of electric field(figure3). This manifests the
importance of discord to measure the quantum correla-
tions.
III. 4. CONCLUSIONS
In summary, We studied the quantum discord and con-
currence measures in the array of optically driven coupled
quantum dots. Qubits are excitons in each quantum dot
that can be model by dipoles. We used the lower bound
of concurrence for thermal density matrix of identical
and equidistant coupled QDs at different temperatures.
We found that the discord and concurrence are enhanced
by increasing the parameter of Fo¨rster interaction that
is resulted by increasing correlations with increasing this
parameter. For very low temperatures and higher Fo¨rster
interaction, concurrence is slightly larger than discord. In
stark contrast, at low Fo¨rster interactions the opposite
trend is observed. Also in very low temperature region,
because of thermal entanglement, both measures increase
and then tend to zero for higher temperatures induced by
thermal relaxation effects. We observed that switching
electric field on, correlations diminish, however, discord
is survived while concurrence dies for the all values of
Fo¨rster interaction. It is because electric field makes all
the dipoles to be parallel that results in increasing dipo-
lar repulsive interaction and finally decrease the entan-
glement.
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